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AbstractWe propose a scheme to realize fast generation of three-dimensional entan-
glement between two atoms via superadiabatic-based shortcuts in an atom-cavity-
fiber system. The scheme is experimentally feasible because of the same form of the
counterdiabatic Hamiltonian as that of the effective Hamiltonian. Besides, numerical
simulations are given to prove that the scheme is strongly robust against variations
in various parameters and decoherence.
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I. INTRODUCTION
With the rapid development in quantum information processing, high-dimensional en-
tanglement is increasingly drawing attention of researchers due to its more superior security
than qubit entanglement in the field of quantum key distribution and its greater violation
of local realism [1–5]. Thus, the generation of high-dimensional entanglement is of great
importance. Up to present, a large number of schemes have been proposed for generat-
ing high-dimensional entanglement via various techniques [6–15]. Among these techniques,
stimulated Raman adiabatic passage (STIRAP) is widely used in fields of time-dependent
interaction for many purposes [16, 17] because of its robustness against atomic spontaneous
emissions and variations in experimental parameters. However, STIRAP usually requires a
relatively long interaction time for restraining non-adiabatic transitions.
A set of techniques called “Shortcuts to adiabaticity (STA)” are promising for quantum
information processing which actually fights against the decoherence, noise, or losses that are
accumulated during a long operation time. Hence, many schemes are proposed to construct
STA [18–28]. By using STA, a great deal of remarkable achievements have been made in
∗ E-mail: jixin@ybu.edu.cn
2quantum information processing [29–34]. Also, numerous schemes have been come up with
for fast generating high-dimensional entanglement [35–39], in which Chen et al and He et al
prepared a three-atom singlet state [36] and a two-atom 3D entangled state [38], respectively,
by using transitionless quantum driving (TQD); Lin et al [35] and Wu et al [37] implemented
two-atom 3D entangled states, respectively, based on Lewis-Riesenfeld invariants (LRI); Wu
et al also generated three-atom tree-type 3D entangled states with both of TQD and LRI [39].
In this work, we propose a superadiabatic scheme for fast generating two-atom 3D en-
tanglement via superadiabatic iterations. Superadiabatic iterations as an extension of the
traditional adiabatic approximation was introduced in [40]. The technique was adopted for
speeding up adiabatic process first by Iba´n˜ez et al [20, 41]. A short time before, Song et al
extended it to a three-level system [42]. More recently, Huang et al [43] and Kang [44] gener-
ated Greenberger–Horne–Zeilinger state and W state, respectively, by using this technique.
Now we apply this technique to the fast generation of two-atom 3D entanglement. Apart
from the rapid rate, we implement two-atom 3D entanglement with pretty high fidelity.
More importantly, as the second iteration different from the first iteration (i.e., TQD), the
superadiabatic scheme does not need an additional coupling between the initial and finial
states, and the same form of counterdiabatic Hamiltonian as that of effective Hamiltonian
guarantees its high feasibility in experiment.
This paper is structured as follows: The physical model and effective dynamics are shown
in section 2. In section 3, we give the superadiabatic scheme for fast generating 3D entangle-
ment between two atoms. In section 4, numerical simulation results prove that the scheme
is fast, valid and robust. The conclusion is given in section 5.
II. PHYSICAL MODEL AND EFFECTIVE DYNAMICS
The schematic sketch of the physical model for fast generating two-atom 3D entanglement
is shown in figure 1. There are two atoms trapped, respectively, in two spatially separated
bimodule cavities connected by a fiber which satisfies the short fiber limit to ensure that
only resonant modes of the fiber interact with cavity modes [45]. Two atoms both have three
ground states |L〉, |g〉 and |R〉. In addition, atom A has one excited state |e〉 and atom B has
two excited states |eL〉 and |eR〉. Atomic transitions |e〉A ↔ |L(R)〉A and |eL(R)〉B ↔ |g〉B
are resonantly coupled to the left(right)-circularly polarized modes of cavity A and cavity B,
3FIG. 1: The diagrammatic sketch of the atom-cavity-fiber system, atomic level configurations and
related transitions.
respectively, with corresponding coupling constants gA,L(R) and gB,L(R). Transitions |e〉A ↔
|g〉A and |eL(R)〉B ↔ |L(R)〉B are resonantly driven by classical laser fields, respectively, with
Rabi frequencies ΩA(t) and ΩB(t). Then, the interaction Hamiltonian of the atom-cavity-
fiber system is (~ = 1):
H(t) = ΩA(t)|g〉A〈e|+
∑
i=L,R
[ΩB(t)|i〉B〈ei|+ gA,iaA,i|e〉A〈i|
+gB,iaB,i|ei〉B〈g|+ vbi(a†A,i + a†B,i)] + H.c., (1)
where aA(B),L(R) and bL(R) is the annihilation operator of left(right)-circularly polarized mode
of cavity A(B) and the fiber, respectively; v is the coupling strength between the two cavities
and the fiber. For convenience, we assume gA(B),L(R) is real, gA,L = gA,R = gA and gB,L =
gB,R = gB.
If the initial state of the whole system is |φ1〉 = |g〉A|g〉B|0〉cA|0〉f |0〉cB denoting two atoms
both in state |g〉 and two cavities and the fiber all in the vacuum state, Hamiltonian (1) can
be rewritten by
H(t) = ΩA(t)|φ1〉〈φ2|+ gA|φ2〉(〈φ3|+ 〈φ4|) + v(|φ3〉〈φ5|+ |φ4〉〈φ6|+ |φ5〉〈φ7|+ |φ6〉〈φ8|)
+gB(|φ7〉〈φ9|+ |φ8〉〈φ10|) + ΩB(t)(|φ9〉〈φ11|+ |φ10〉〈φ12|) + H.c., (2)
4for which
|φ1〉 = |g〉A|g〉B|0〉cA|0〉f |0〉cB, |φ2〉 = |e〉A|g〉B|0〉cA|0〉f |0〉cB,
|φ3〉 = |L〉A|g〉B|L〉cA|0〉f |0〉cB, |φ4〉 = |R〉A|g〉B|R〉cA|0〉f |0〉cB,
|φ5〉 = |L〉A|g〉B|0〉cA|L〉f |0〉cB, |φ6〉 = |R〉A|g〉B|0〉cA|R〉f |0〉cB,
|φ7〉 = |L〉A|g〉B|0〉cA|0〉f |L〉cB, |φ8〉 = |R〉A|g〉B|0〉cA|0〉f |R〉cB,
|φ9〉 = |L〉A|eL〉B|0〉cA|0〉f |0〉cB, |φ10〉 = |R〉A|eR〉B|0〉cA|0〉f |0〉cB,
|φ11〉 = |L〉A|L〉B|0〉cA|0〉f |0〉cB, |φ12〉 = |R〉A|R〉B|0〉cA|0〉f |0〉cB. (3)
|L(R)〉 denotes a single left(right)-circularly polarized photon state. Now we set a set of
orthogonal states
|ψk〉 = 1√
2
(|φ2k+1〉+ |φ2k+2〉), |ψ−k 〉 =
1√
2
(|φ2k+1〉 − |φ2k+2〉), (4)
with k = 1, 2, 3, 4, 5. Then Hamiltonian (2) becomes
H(t) = ΩA(t)|φ1〉〈φ2|+
√
2gA|φ2〉〈ψ1|+ gB(|ψ3〉〈ψ4|+ |ψ−3 〉〈ψ−4 |)
+v(|ψ1〉〈ψ2|+ |ψ−1 〉〈ψ−2 |+ |ψ2〉〈ψ3|+ |ψ−2 〉〈ψ−3 |)
+ΩB(t)(|ψ4〉〈ψ5|+ |ψ−4 〉〈ψ−5 |) + H.c.. (5)
Because |ψ−k 〉 will not be involved during the whole evolution if |φ1〉 is the initial state, so
Hamiltonian (5) becomes
H(t) = ΩA(t)|φ1〉〈φ2|+
√
2gA|φ2〉〈ψ1|+ v(|ψ1〉〈ψ2|+ |ψ2〉〈ψ3|)
+gB|ψ3〉〈ψ4|+ ΩB(t)|ψ4〉〈ψ5|+H.c.. (6)
Next, for further simplification, we set
√
2gA = v = gB = g and rewrite Hamiltonian (6)
as
H(t) = H0 + V (t),
H0 = g(|Ψ+1 〉〈Ψ+1 | − |Ψ−1 〉〈Ψ−1 |) +
√
3g(|Ψ+2 〉〈Ψ+2 | − |Ψ−2 〉〈Ψ−2 |),
V (t) =
ΩA(t)√
3
|φ1〉[〈Ψd| −
√
3
2
(〈Ψ+1 |+ 〈Ψ−1 |) +
1
2
(〈Ψ+2 |+ 〈Ψ−2 |)]
+
ΩB(t)√
3
[|Ψd〉+
√
3
2
(|Ψ+1 〉+ |Ψ−1 〉) +
1
2
(|Ψ+2 〉+ |Ψ−2 〉)]〈ψ5|+H.c., (7)
5with the following transformations
|Ψd〉 = 1√3(|φ2〉 − |ψ2〉+ |ψ4〉), |Ψ±1 〉 = −12 [|φ2〉 ± (|ψ1〉 − ψ3〉)− |ψ4〉],
|Ψ±2 〉 = 12√3 [|φ2〉+ 2|ψ2〉 ±
√
3(|ψ1〉+ ψ3〉) + |ψ4〉]. (8)
Then after performing the unitary transformation U = exp(−iH0t) and neglecting high
oscillating terms under the limit condition ΩA(B)(t) ≪ 2g, we simplify Hamiltonian (7) to
an effective Hamiltonian
He(t) = Ω1(t)|φ1〉〈Ψd|+ Ω2(t)|Ψd〉〈ψ5|+H.c., (9)
with Ω1(t) = ΩA(t)/
√
3 and Ω2(t) = ΩB(t)/
√
3.
III. SUPERADIABATIC SCHEME FOR FAST GENERATING TWO-ATOM 3D
ENTANGLEMENT
Instantaneous eigenstates of Hamiltonian (9) with eigenvalues η± = ±Ω(t) and η0 = 0,
respectively, are
|n±(t)〉 = 1√
2
[sin θ0(t)|φ1〉±|Ψd〉+ cos θ0(t)|ψ5〉],
|n0(t)〉 = cos θ0(t)|Ψ1〉 − sin θ0(t)|Ψ2〉, (10)
where Ω(t) =
√
Ω1(t)2 + Ω2(t)2 and tan θ0(t) = Ω1(t)/Ω2(t). We transform He(t) to the
adiabatic frame by performing the unitary transformation U0(t) =
∑
k=±,0 |n′k〉〈nk(t)|. At
each instant in time, U0(t) maps the adiabatic eigenstate nk(t) onto the time-independent
state |n′k〉. In the adiabatic frame, the Hamiltonian (9) becomes
H1(t) = U0(t)He(t)U
†
0 (t) + iU˙0(t)U
†
0(t)
= Ω(t)[|n′+〉〈n′+| − |n′−〉〈n′−|] +
θ˙0(t)√
2
[i|n′+〉〈n′0|+ i|n′−〉〈n′0|+H.c.]. (11)
The effective system evolution will adiabatically follow one of states {|n′0,±〉} with adia-
batic approximation |θ˙0(t)| ≪
√
2Ω(t) which needs very long runtime. For shortening
runtime, Demirplack and Rice [46] and Berry [47] proposed that adding a suitable coun-
terdiabatic (CD) Hamiltonian HCD(t) to the original Hamiltonian can suppress transitions
between different eigenstates. In the adiabatic frame CD Hamiltonian may be −iU˙0(t)U †0(t),
which is written in {|φ1〉, |Ψd〉, |ψ5〉} frame by
H
(1)
CD(t) = −iU †0 (t)U˙0(t) = iθ˙0(t)(|φ1〉〈ψ5| − |ψ5〉〈φ1|). (12)
6CD Hamiltonian (12) needs a direct coupling between |φ1〉 and |ψ5〉, which is too hard to
implement in practice for such a complex system.
Superadiabatic states (instantaneous eigenstates of H1(t)) with eigenvalues η
′
± = ±Ω′(t)
and η′0 = 0, respectively, are
|n′′±(t)〉 =
1
2
{i[1± cos θ1(t)]|n′+〉 ±
√
2 sin θ1(t)|n′0〉+ i[1∓ cos θ1(t)]|n′−〉},
|n′′0(t)〉 =
1√
2
[−i sin θ1(t)|n′+〉+
√
2 cos θ1(t)|n′0〉+ i sin θ1(t)|n′−〉], (13)
for which Ω′(t) =
√
θ˙0(t)2 + Ω(t)2 and tan θ1(t) = θ˙0(t)/Ω(t). Then we transform H1(t)
to the superadiabatic frame by the unitary transformation U1(t) =
∑
k=±,0 |n˜k〉〈n′′k(t)|.
Analogous to the adiabatic CD Hamiltonian (12), the superadiabatic CD Hamiltonian
−iU˙1(t)U †1 (t) is written in {|φ1〉, |Ψd〉, |ψ5〉} frame by
H
(2)
CD(t) = −iU †0 (t)U †1(t)U˙1(t)U0(t)
= θ˙1(t)[− cos θ0(t)|φ1〉〈Ψd|+ sin θ0(t)|Ψd〉〈ψ5|] + H.c.. (14)
H
(2)
CD(t) is satisfactory because it has the same form as the effective Hamiltonian (9).
We regard Ω′1(t) = −θ˙1(t) cos θ0(t) and Ω′2(t) = θ˙1(t) sin θ0(t) as two auxiliary pulses
added to the pulses Ω1(t) and Ω2(t), respectively. Then modified pulses Ω
′′
1(t) = Ω1(t)+Ω
′
1(t)
and Ω′′2(t) = Ω2(t)+Ω
′
2(t) can drive the effective system to evolve along one of the superadia-
batic state in equation (13). Therefore, if related parameters meet time boundary conditions
{θ1(0) = θ1(tf ) = 0, θ0(0) = 0, θ0(tf ) = − arctan
√
2} (tf is the final time), |n′′0(t)〉 will act
as a medium state for achieving the expected transformation |φ1〉 → 1√3(|φ1〉+
√
2|ψ5〉). By
this way, we obtain the 3D entanglement between two atoms in the superadiabatic scheme
|Ψ3D〉 = 1√
3
(|φ1〉+ |φ11〉+ |φ12〉)
=
1√
3
(|g〉A|g〉B + |L〉A|L〉B + |R〉A|R〉B)⊗ |0〉cA|0〉f |0〉cB. (15)
7IV. NUMERICAL SIMULATIONS
For meeting {θ1(0) = θ1(tf ) = 0, θ0(0) = 0, θ0(tf ) = − arctan
√
2}, we choose Ω2(t) and
Ω1(t) as [48]
Ω2(t) =
1√
3
Ω0 exp[−(t− tf/2− t0)2/t2c ] + Ω0 exp[−(t− tf/2 + t0)2/t2c ],
Ω1(t) = −
√
2√
3
Ω0 exp[−(t− tf/2− t0)2/t2c ], (16)
with two related Gaussian parameters t0 = 0.18tf and tc = 0.24tf . In figure 2, we plot the
time dependence of θ0(t) and θ1(t) determined by Ω1(t) and Ω2(t). {θ0(0) = 0, θ0(tf ) =
− arctan√2} can be always satisfied well with an arbitrary value of Ω0, while θ1(0) =
θ1(tf) = 0 can be satisfied well only with a large enough value of Ω0. In order to choose
suitable parameters, in figure 3(a), we plot the final fidelity F (tf) = |〈Ψ3D|Ψ(tf)〉|2 versus g
and Ω0 in the superadiabatic scheme, in which |Ψ(tf)〉 is the final state of the whole system
governed by Hamiltonian (1) with Rabi frequencies ΩA(t) =
√
3Ω′′1(t) and ΩB(t) =
√
3Ω′′2(t)
. As a contrast, in figure 3(b), we plot the final fidelity in the STIRAP scheme with Rabi
frequencies ΩA(t) =
√
3Ω1(t) and ΩB(t) =
√
3Ω2(t). By converting the relation g ∼ t−1f
into tf ∼ g−1, we easily find that, for the same final fidelity, the operation time of the
superadiabatic scheme is reduced to about 1/5 of that of the STIRAP scheme, which proves
that the scheme we proposed is fast indeed. Besides, both from figures 3(a) and 3(b), we
also see that the limit condition ΩA(B)(t) ≪ 2g is acting. Therefore, we adopt a pair of
parameters Ω0 = 8t
−1
f and g = 70t
−1
f for the superadiabatic scheme in following discussions.
Since analytic functions of Ω′′1(t) and Ω
′′
2(t) are too complicated, for the experimental
feasibility, we seek two superpositions of Gaussian functions by curve fitting to replace
them, respectively
Ω˜1(t) = −
4∑
m=0
Ω1m exp[−(t− τ1m)2/χ21m], Ω˜2(t) =
4∑
m=0
Ω2m exp[−(t− τ2m)2/χ22m], (17)
with related parameters {Ω11 = 1.4695/tf ,Ω12 = 2.4114/tf ,Ω13 = 1.9854/tf ,Ω14 =
4.4491/tf , τ11 = 0.3733tf , τ12 = 0.4424tf , τ13 = 0.6547tf , τ14 = 0.7568tf , χ11 =
0.1494tf , χ12 = 0.0939tf , χ13 = 0.1358tf , χ14 = 0.2044tf} for Ω˜1(t) and {Ω21 =
6.7888/tf ,Ω22 = 1.1904/tf ,Ω23 = 1.649/tf ,Ω24 = 5.4413/tf , τ21 = 0.2814tf , τ22 =
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FIG. 2: (a) Time dependence of θ0(t) with an arbitrary Ω0; (b) Time dependence of θ1(t) with
different values of Ω0.
0.3712tf , τ23 = 0.5752tf , τ24 = 0.6588tf , χ21 = 0.2204tf , χ22 = 0.12tf , χ23 = 0.0987tf , χ24 =
0.2475tf} for Ω˜2(t). Through plotting figure 4, we see that the curve for Ω˜1(t) (Ω˜2(t)) is very
close to that for Ω′′1(t) (Ω
′′
2(t)). In the following, for showing the effectiveness of two alter-
native Rabi frequencies, in figure 5(a) we plot time dependence of the fidelity for adopting
Ω′′1(t) and Ω
′′
2(t) or Ω˜1(t) and Ω˜2(t). Highly approximate coincidences of two pairs of curves
indicate that the alternative Rabi frequencies are pretty valid. For a further illustration,
with Ω˜1(t) and Ω˜2(t), in figure 5(b) we plot time evolutions of the populations for all states in
equation (3), respectively, and the results show that the desired two-atom 3D entanglement
|Ψ3D〉 can be obtained near perfectly at t = tf . What’s more, we also see that the states not
involved in |Ψ3D〉 are hardly populated.
Since most parameters are impossible to control perfectly in experiment, we should in-
vestigate the robustness of the scheme against variations in control parameters. Here we
define δx = x′ − x as the deviation of x, in which x denotes the ideal value and x′ denotes
the actual value. In figure 6, we consider effects of variations in parameters involved in the
superadiabatic scheme on the final fidelity for fast generating the 3D entanglement between
two atoms. As we can see from figure 6, the final fidelity always keep over 0.993 even when
variations in two of parameters we consider are both up to |δx| = 0.1x, which indicates the
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FIG. 3: Contour images for final fidelities versus g and Ω0 in (a) the STA scheme, i.e., superadia-
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superadiabatic scheme for fast generating the two-atom 3D entanglement is extremely robust
against variations in control parameters. By the way, figure 6(d) also shows the condition
v = g is a little bit critical for the high-fidelity generation of the target state.
Finally, taking decoherence caused by atomic spontaneous emissions and photon leak-
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(b) Time evolutions of the populations for states in equation (3), respectively, with {Ω˜1(t),Ω˜2(t)}}.
ages from the cavity-fiber system into account, the evolution of the whole system will be
dominated by the master equation
ρ˙(t) = −i[H(t), ρ(t)]
−
∑
j=g,L,R
γAj
2
[σAe,eρ(t)− 2σAj,eρ(t)σAe,j + ρ(t)σAe,e]
−
∑
j=0,L,R
∑
i=L,R
γBj,i
2
[σBei,eiρ(t)− 2σBj,eiρ(t)σBei,j + ρ(t)σBei,ei],
−
∑
i=L,R
∑
l=A,B
κli
2
[a†lialiρ(t)− 2aliρ(t)a†li + ρ(t)a†liali]
−
∑
i=L,R
κfi
2
[b†ibiρ(t)− 2biρ(t)b†i + ρ(t)b†i bi], (18)
where H(t) is Hamiltonian (1); γlj is the photon leakage rate of atom l from excited states
11
FIG. 6: Effects of variations in various parameters on the final fidelity.
to the ground state |j〉; κli is the i-circular polarized photon leakage rate of cavity l; κfi is
the i-circular polarized photon leakage rate of the fiber; σm,n = |m〉〈n|. For simplicity, we
assume γAj = γ
B
j,i = γ/2, κ
l
i = κ
f
i = κ.
Based on the master equation, in figure (7) we plot the final fidelity F (tf) =
|〈Ψ3D|ρ(t)|Ψ3D〉| for fast generating two-atom 3D entanglement versus κ/g and γ/g. We
can clearly see that the superadiabatic scheme is very robust against decoherence induced
by atomic spontaneous emissions and cavity-fiber photon leakages, because even when
κ = γ = 0.02g, the final fidelity can keep very high F (tf ) > 0.96. For a real experi-
ment, 87Rb and a set of predicted cavity-QED parameters (λ, κ, γ)/2pi = (750, 3.5, 2.62)
MHz [49, 50] can be used for generating two-atom 3D entanglement in the superadiabatic
scheme, and the final fidelity can reach 99.93%.
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V. CONCLUSION
In conclusion, we have implemented the fast generation of 3D entanglement between two
atoms in an experimentally feasible superadiabatic scheme. Under the certain limit condi-
tion, the complicated system is simplified to a three-state system, which makes the supera-
diabatic scheme more convenient to be applied for generating two-atom 3D entanglement.
Because of the compensation for non-adiabatic couplings, the adiabatic approximation is not
needed. Compared with TQD, the superadiabatic scheme is more complicated just in terms
of mathematical calculations. But it does not require a direct coupling between the initial
and finial states, which greatly enhances experimental feasibility. In addition, the results
of numerical simulations show that the superadiabatic scheme is strongly robust against
variations in various parameters and decoherence caused by atomic spontaneous emissions
and cavity-fiber photon leakages.
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